A novel method for designing a seven-bar linkage based on the optimization of centrodes is presented in this paper. The proposed method is applied to the design of a pure-rolling cutting mechanism, wherein close interrelation between the contacting lines and centrodes of two pure-rolling bodies is formulated and the genetic optimization algorithm is adopted for the dimensional synthesis of the mechanism. The optimization is conducted to minimize the error between mechanism centrodes and the expected trajectories, subject to the design requirements of the opening distance, the maximum amount of overlap error, and peak value of shearing force. An optimal solution is obtained and the analysis results show that the horizontal slipping and standard deviation of the lowest moving points of the upper shear blade have been reduced by 78.0% and 80.1% and the peak value of shear stress decreases by 29%, which indicate better cutting performance and long service life.
Introduction
A seven-bar linkage has two degrees of freedom, which can be used in many machines with variable trajectories. Of all associated machines, a typical example is the sevenbar pure-rolling cutting mechanism, which generates purerolling motion between two contacting bodies [1] [2] [3] [4] .
The design of pure-rolling mechanism is essentially a problem of trajectory synthesis of linkages, for which many synthesized methods are available. The synthesis can be carried out either for a set of given points or for a continuous trajectory [5, 6] . The synthesis results are either exact or approximate. Normally exact synthesis is difficult to implement in practice and approximate methods are used to approximate the given points or continuous trajectory as much as possible [7] . To evaluate the trajectory deviation of approximate synthesis, some trajectory deviation measurement functions are introduced, including deterministic error [8] , Fourier deviation [9] , shape similarity [10] , ambiguity function [11] , and shape feature matching deviation [12] .
Generally, there are two different ways to accomplish approximate synthesis, namely, direct and indirect synthesis methods. The direct synthesis method generates a mechanism directly according to the given points or continuous trajectory. Nelson Larsen [13] used an atlas of coupler curves to analyze the four-bar linkage, but the computation accuracy was unsatisfactory. Kramer [14] extended the selective precision synthesis method to generate four-bar motion mechanism with prescribed input crank rotations, which used the Hooke-and-Jeeves search method to handle the equality constraints during the synthesis process. Subbian and Flugrad [15] implemented the continuation method to deal with the sets of polynomial equations in the four-bar path generation synthesis, which was proved to be more effective. Nevertheless, even with these numerical methods, the nonlinear synthesis equations of high order are still difficult to solve. Cabrera et al. [8] used the genetic optimization algorithm to optimize the position error between the given target points and the points reached by the resulting mechanism during the synthesis of four-bar planar mechanisms. In order to obtain both effectiveness and high accuracy, many other optimization algorithms are also adopted in the trajectory synthesis of the mechanism, such as simulated annealing [16] and stochastic method [17] .
Mathematical Problems in Engineering
The indirect synthesis method [10, 12] is used to search for the matching trajectory from the predefined trajectory atlas, instead of directly generating a mechanism scheme, which is done by analyzing the expected trajectory and then exporting the corresponding mechanism types and sizes. If there is a similar scheme, the minimum trajectory deviation will be obtained. The indirect synthesis method mainly relies on the mass data-storage capacity and rapid retrieval ability of a computer. Although the rapid improvement of computers promotes the application and development of the indirect synthesis, the difficulties of the establishment of a trajectory atlas, the mass data-storage capacity of a computer, and the approach to effectively search for the best matching trajectory are still challenging problems to be solved.
For the problem here, the design of seven-bar linkages for pure rolling needs to meet both the trajectory and also other requirements for machining, that is, steel plates cutting. The shear motion of a rolling shear mechanism is generally realized by means of the relative motion between the upper shear blade and the lower shear blade. The expected shear motion should be a pure-rolling motion without slipping. In this regard, Wang and Huang [18] developed an optimized model for rolling shear mechanism with single shaft and double eccentricity, choosing four motion positions as access points to acquire the expected motions, while the phase difference was set to be identical. Yang et al. [19] used the constraints of equal radius of crank and equal length of linkage to set up an optimization model of rolling shear mechanism with roll guide groove. Sun et al. [20] designed a rolling shear mechanism by optimizing the trajectory of the lowest moving point of the upper shear blade, but the upper shear blade could not perform pure-rolling motion relative to the lower blade due to the horizontal slide. In [21] , a synthesis-optimized model was built to design a rolling shear mechanism, using a guiding rod as an additional design variable, while identical phase difference and identical length between the designed guide rod and the expected guide rod are adopted for four positions. In order to improve shear quality, decrease blade wear, and prolong blade life of the cutting machine [22] , generally, the pure-rolling motion between the shear blades can be transformed into a series of moving positions and phase angles of the seven-bar linkages, with which an optimized method is adopted to obtain proper linkage sizes. In certain situations, the synthesis can only satisfy some key points; the motion accuracy of the designed pure-rolling cutting mechanism is thus low. It is difficult to realize the pure-rolling motion during the whole cutting process, due to the fact that the cutting performance was not considered or embodied in the synthesis. This paper proposes a method for the kinematic design of a seven-bar linkage to generate pure-rolling motion by optimizing the centrodes. The introduced method is developed based upon the interrelation between the centrodes and contacting lines of pure-rolling motion. A case study of sevenbar rolling shear mechanism is included to demonstrate the method to accomplish the pure-rolling motion. A genetic optimization algorithm is used to obtain mechanism sizes with the metric function of minimum approximation error between mechanism centrodes and expected trajectories of shear blade. The constraints of the formulated optimization problem for the pure-rolling mechanism include the design requirements of the opening distance, the maximum amount of overlap error, and peak value of shearing force. Moreover, the performance of the newly designed rolling shear mechanism is investigated and compared with the original one, which shows the advantages of the new method.
Design Model

Design Issue and Problem Formulation.
The rolling shear mechanism is a typical pure-rolling cutting mechanism, which is usually used for medium plate rolling shear. The seven-bar linkage mechanism is a common application of the rolling shear mechanism [23] , as shown in Figure 1 . The seven-bar linkage has 2 degrees of freedom, corresponding to cranks and as driving links, which rotate by the same angular velocity and with a constant phase difference, sharing a power input. Link , to which the upper blade is attached, outputs motion. Generally, the lower shear blade is fixed on the frame, while the upper shear blade moves relative to the lower shear blade to cut the steel plate between them, as shown in Figure 2 .
The horizontal sliding of the upper shear blade should be as little as possible to reduce the wear of the blade. Meanwhile, the cutting depth of the upper shear blade should be the same to reduce the bending deformation of the steel plate, ensuring a stable cutting quality of the steel plate. Thus, the ideal motion of the upper blade should be pure-rolling cutting relative to the steel plate during the shearing process, to make sure there is no horizontal sliding between the blade and the steel plate at the cutting contact point.
One of the rigid bodies is usually chosen to be fixed and another moves relative to the chosen one for convenience during the motion analysis of two rigid bodies, as shown in Figure 3 . Rigid body II is fixed in coordinate system − . Rigid body I, on which a moving coordinate system − is built, moves in the fixed coordinate system − . A point of body I has a velocity V and body I rotates about point with angular velocity . The motion state of body I at any moment is either (a) entire translation or (b) rotation about a specific point on body I, of which the velocity in the fixed coordinate system is zero. The point is called the instantaneous velocity center, and the entire translation can be regarded as the point being at infinity. So, the motion of body I can be treated as a pure rotation about at any moment. As rigid body I moves, the instantaneous velocity center traces a trajectory in the fixed coordinate system − , which is called the fixed centrode Γ 1 , and a trajectory in the moving coordinate system − , which is called the moving centrode Γ 2 . The motion of body I can be regarded as the pure-rolling motion of the moving centrode along with the fixed centrode with no sliding.
As the thickness of the steel plate is far less than the width of the steel plate and the length of the blade, the contact line of the shear blade and steel plate is usually treated as a contact point in practice. Thus, the ideal cutting motion can be regarded as the pure-rolling motion between the upper shear blade and the lower shear blade with no sliding at the contact point. The objective is to synthesize the linkage for pure-rolling shear motion, so that the profiles of the upper and lower blades coincide with the moving and fixed centrodes of the output link , respectively, during the shearing process.
Kinematic Design Model.
A seven-bar linkage is chosen to establish the kinematic design model, of which the topological structure can be obtained, as shown in Figure 4 .
Links and are assigned as the driving links, while the ternary link is assigned as the output coupler, to which the upper shear blade is attached. Link , which is also a ternary link assigned number 7, is chosen as the frame. So, there are 6 movable links, corresponding to 6 angles { , = 1, 2, . . . , 6}, as shown in Figure 5 . Vector equations of closed-loop HGDEFH and HGCBAH are listed as follows:
Usually, joints and are designed with the same height for convenience of structure design and power transmission. A fixed coordinate system − and a moving coordinate system − are established at the hinged point and the center of the driven link , respectively. Besides the basic length parameters { , = 1, 2, . . . , 6} of the 6 movable links shown in Figure 5 
The driving links, and , have the same angular velocity with a constant phase difference, sharing a power 
where 1 = 2 , which are given quantities, denoting the angular velocity of links and . Thus, 5 , 6 , 5 , and 6 can be obtained by solving (3) to (4) .
The driven link should generate pure-rolling cutting motion between the upper and lower blades. During the cutting process, the instantaneous center forms the moving centrode relative to the driven link and the fixed centrode relative to the fixed frame, represented by curves Γ 1 and Γ 2 , as displayed in Figure 5 . In order to derive the kinematic equations of centrodes, coordinate transformation matrix is used to transform the points from moving coordinate system to fixed coordinate system, which is related to rotation angle and translation distance [24] . Let the coordinates of instantaneous center be ( , ) in the fixed coordinate system − and ( , ) in the moving coordinate system − . An additional coordinate system − , which is established at hinged point as shown in Figure 5 , is introduced to implement coordinate transform between the fixed and moving coordinate systems. The two sets of coordinates ( , ) and ( , ) are related by
where matrix M is the homogeneous transformation matrix from the fixed coordinate system − to − and M is the one from − to the moving coordinate system − . They are given as 
wherėanḋare the velocities of instantaneous center . 5 and 6 are the angular velocities of links 5 and 6 . As the velocity of instantaneous velocity center at any moment in the fixed coordinate system − is zero, namely,̇=̇= 0, by arranging and rewriting the above equation, the moving centrode of link is expressed as
Substituting (8) into (5), the fixed centrode is obtained as
So far, both the moving and the fixed centrodes have been obtained, upon which optimal sizes and positions of the mechanism can be searched to ensure that the trajectories of moving and fixed centrodes cooperate with each other in the way of pure rolling.
Optimization Design Case
In this section, a design case of seven-bar rolling shear mechanism, as a kind of common pure-rolling cutting mechanism, is considered. The ideal shear motion of a rolling shear mechanism should be pure-rolling motion between the upper shear blade and the lower shear blade. With the generated moving centrodes and fixed centrodes coinciding with the motion contact lines of the upper shear blade and lower shear blade, respectively, the pure-rolling motion can be obtained. Hence, the optimization objective function and the constraints could be determined by pure-rolling motion and cutting performance requirements. A genetic optimization method [25] is employed to determine the proper linkage sizes of rolling shear mechanism thanks to its effectiveness and convenience.
Design Parameters.
The design parameters of a rolling shear mechanism are given by the cutting process [26, 27] . These design parameters include the width of sheared plate , the maximum shearing thickness ℎ max , the shearing overlap , and the shearing angle , as shown in Figure 6 . The width determines the horizontal width of the lower shear blade, and the shearing overlap gives the overlapping amount between the upper and the lower shear blades in the shearing process. The shear angle refers to the contact point between the lower shear blade and the tangent of arc upper shear blade.
Optimization Model.
Based on the design parameters, the expected trajectories (or profiles) of upper and lower shear blades can be obtained. The purpose of genetic optimization model is to seek a set of optimal mechanism sizes to minimize the deviation between centrodes and expected trajectories of upper and lower shear blades, subject to some specific design requirements. The detailed optimization model is as follows.
Optimization Variables.
The design variables of a rolling shear mechanism are generally the lengths of links and pivoting joint positions. These design variables are defined as optimization variables, expressed by a vector t:
in which each variable ( = 1, 2, . . . , ) represents the size parameter of a mechanism scheme, such as the lengths of links { , = 1, 2, . . . , 11} and phase angles { , = 1, 2, . . . , 6}. Each optimal scheme can be expressed by vector t * , called optimal point.
Optimization Objective Function.
The objective of the design optimization is to make the moving centrode approach the profile of the upper shear blade and the fixed centrode approach the profile of the lower shear blade as much as possible. Accordingly, the objective function of the optimization design can be defined as the sum of approaching errors, including the approaching error for moving centrode and upper shear blade, together with the approaching error for fixed centrode and lower shear blade, which will be minimized as follows:
where 1 (t) and 2 (t) are the curve approximation errors between moving centrode and upper shear blade and fixed centrode and lower shear blade, respectively. The errors should be evaluated in the moving coordinate system − and the fixed coordinate system − on upper and lower shear blade, as shown in Figure 7 .
The geometric equations of the moving centrode and profile of the upper shear blade in the moving coordinate system − can be written as Also, equations of the fixed centrode and profile of the lower shear blade in the fixed coordinate system − can be written as
where − 1 = and is a constant, describing the position of the sheared plate. The errors 1 (t) and 2 (t) can be determined by
Hence, the objective function of optimization for the pure-rolling cutting mechanism design can be expressed as
Constraints.
The constraints of a rolling shear mechanism mainly include some motion parameters and performance parameters, such as the opening distance, the shearing overlap error of the upper and lower shear blade, and the peak value of shearing force.
(1) Opening Distance Constraint. In order to make the sheared plate get through smoothly between the two shear blades, the clearance between the upper and lower shear blades after shearing, also known as the opening distance ( ), which is the function of design variable , should be greater than the designed value associated with the thickness of sheared plate:
(2) Overlap Error Constraint. The overlap error in direction of plate width should be limited to a given amount. The overlap amount is the distance from the lowest moving point of upper shear blade to the lower shear blade. The coordinates of the lowest moving point in the fixed coordinate system can be obtained by a geometrical relationship as shown in Figure 6 . It can be written as
where and are the arc radius and the dip angle of upper shear blade, respectively, and ( , ) is the coordinate of middle point on upper shear blade in the fixed coordinate system. Thus, the overlap error constraint is expressed as
(3) Peak Value of Shearing Force Constraint. Generally, the forces applied on upper shear blade refer to both shear force and other forces, such as friction force. The peak value of shear force constraint can be introduced by limiting the maximum shearing force that usually appears in the initial shear stage. The shearing force [28] of a rolling shear mechanism is expressed as represents the conversion coefficient, is the ratio of shear blade gap with the thickness of steel plate, and is the ratio of the distance between shear blade edge and steel plate with the thickness of steel plate. The shearing force constraint may be limited by shear angle , because the peak value of shearing force can be highly correlated to the shear angle. Therefore, it may be given by means of specified shear angle 0 , which is written as
where st is the initial shear angle of upper shear blade. According to the above discussion for determining the sizes of rolling shear mechanism, the final design vector, marked as t * , where the mechanism sizes achieve pure-rolling motion of the upper shear blade, can be obtained by means of the genetic optimization algorithm.
Results and Analysis
According to the optimization functions and given shearing requirements, the seven-bar mechanism for pure-rolling cutting will be synthesized and the kinematic performance will be analyzed and compared to the original one.
Optimization Results.
The seven-bar mechanism for pure-rolling cutting is shown in Figure 1 . The actual design parameters of sheared plate are used as the design parameters of rolling shear mechanism, as shown in Table 1 .
The length of each link and initial phase angles of two cranks are used as optimization variables. Given that the constant should be set as −400 mm in (13) , the constraint of initial shearing angle is selected as follows: st ≥ 1.5
∘ . Meanwhile, the optimization model of rolling shear mentioned above can be established, together with the genetic optimization algorithm employed. Therefore, the lengths of linkages, the coordinate of fixed hinge point , and the initial phase angle of crank of the new mechanism can be obtained, as shown in Table 2 .
Kinematic Performance Analysis.
A major kinematic performance concerned for this design is a pure-rolling motion between two blades and is described by deviations between fixed and moving centrodes and contacting lines, which is intuitively exhibited through the trajectory of the lowest moving point and arc middle point of upper shear blade. The cutting performance is illustrated by the comparison of the shear angle and shear stress between the original design and the new design in this paper. Simulation and performance analysis of the rolling shear mechanism based on Pro/E and MATLAB software were conducted. Figure 8 shows the motion simulation model of the rolling shear mechanism.
The comparison of the fixed centrode of the upper shear blade and the lower shear blade between the original and optimal results is shown in Figure 9 . The designed fixed centrode has better straightness in the segment, which can approximate the horizontal contact line in a better way and is in accordance with the objective function. Notice that the axes are not isometric for clear demonstration. Figure 10 shows that the designed moving centrode approximates the symmetrical arc perfectly, which means that it approximates the moving contact arc perfectly, which is in accordance with the objective function. Notice that the axes are not isometric for clear demonstration. Figure 11 shows the trajectory of arc middle point on the upper shear blade, which presents the cutting process part.
Notice that the axes are not isometric for clear demonstration. The results demonstrate that the horizontal slipping of the designed upper shear blade is confirmed as 0.97 mm, compared to the original result of 4.88 mm, reduced by 80.1%, which illustrates that the designed upper shear blade profile is better in the realization of pure-rolling motion and also indirectly proves the validity of the method of designing rolling shear mechanism sizes. and lower shear blade. Notice that the axes are not isometric for clear demonstration. The standard deviation of optimal result in trajectory sets of upper arc lowest moving point during shearing process is confirmed as 0.415 mm, compared to the original result of 1.890 mm, being reduced by 78.0%, indicating more uniform overlap between upper and lower shear blade.
The changes of shear angle and stress before and after the design are shown in Figure 13 , which indicates that the initial angle of the designed rolling shear mechanism at the beginning of the cutting process is roughly 1.5 ∘ , while the original initial angle is 0.9 ∘ . This improvement will be of great interest to improving the initial peak value of shear force. The shear angle increases to about 2.2 ∘ when the shearing process comes to the stable rolling stage, no matter in the original design or in the new design. The peak value of shear stress of the designed rolling shear mechanism is roughly 1.2 × 10 7 N, decreasing by 29% in comparison with the original shear stress peak of 1.7 × 10 7 N. Moreover, the above figures, along with shear angle changing curve, show that the shear stress and shear angle change oppositely. Therefore, it is beneficial to improve the initial shear angle in order to reduce the initial shear stress.
Conclusions
A new approach to design a seven-bar linkage for purerolling cutting by optimizing centrodes is presented in this paper. Using the genetic optimization algorithm, the proposed method allows the designer to obtain an optimum linkage which minimizes the error between the centrodes of mechanisms and profiles of pure rolling. With the proposed method, a seven-bar rolling shear mechanism is designed which has better performance compared to the original one in the following aspects:
(1) The horizontal slipping of the designed rolling shear mechanism has been reduced by 78.0%, which increases the cutting efficiency and reduces the wear of the shearing blade. (2) The standard deviation of the lowest moving point on the upper shear blade has been reduced by 80.1%, which indicates better quality of steel plates. (3) The peak value of shear stress, which indicates the power performance of rolling shear mechanism, is decreased by 29% for long service life.
The proposed method in this paper is used for the seven-bar pure-rolling cutting mechanism. It can also be applicable to the other types of pure-rolling mechanism. In this paper, the genetic optimization algorithm method is adopted for obtaining an optimal solution, and other optimization methods can be considered to search for better optimal solutions in future study.
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